Analysis of the trajectory, loads and heating experienced by a body passing through a supersonic flow field by Butler, H. W. & Prozan, R. J.
HREC - 1567 - 1 
LMSC/HREC A784084 
LOCKHEED MISSILES & SPACE COMPANY 
HUNTSVILLE RESEARCH & ENGINEERING CENTER 
HUNTSVILLE RESEARCH PARK 
4800 BRADFORD DRIVE, HUNTSVILLE, ALABAMA 
ANALYSIS O F  THE TRAJECTORY, 
LOADS AND HEATING EXPERIENCED 
BY A BODY PASSING THROUGH A 
SUPERSONIC FLOW FIELD 
March 1967 
Contract  JPL - 95 156 7 
by 
R. J. Prozan 
H. W. Butler 
.. .
This d m performed for the Jet Fropubion Laboratory, 
California Institute of Technology, sponsored by the 
National Aeronautics and Space Administration un&r 
Contract NAS7-100. 
APPROVED BY: ; 3 - & & Z  L//-- )!+@ - J. W. Benefiela, Supervisor 
Aero -Physics  Section 
Aero  -Mechanics Department 
Resident Manager 
7 
https://ntrs.nasa.gov/search.jsp?R=19670022023 2020-03-12T11:00:31+00:00Z
FOREWORD 
‘I’l ijs t l o c u i ~ ~ c - i i t  I l n s  1 , c ~ c - n  prcpkrcd by Loclthccd Missiles (L Spncc Coiiipany 
at  its IIuntsviltc Rcscarch  & Engineering Center  in conforrnancc with the State- 
ment of Work defined by Contract No. JPL-951567 issued by the California 
Institute of Technology, J e t  Propulsion Laboratory.  This  contract  is  a sub- 
contract  under NASA Contract  NAS7- 100 (Task  Orde r  No. RD-38). 
This  is the first of two documents concerning the work pcrformed under 
Task  II of the subject contract .  The analytical effort is descrilwd he re  while 
the second document gives a detailed description of the computcr program 
which w a s  writ ten to per form the necessary  calculations. 
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SUMMARY 
This d o c u m c n l  dcscr ihcs  the analytical methods used to  determine 
t ra jec tor ies ,  loads and hcating cxpcricnccd by a spacccraf t  passing through 
a rocket exhaust field. 
the spacecraf t  may be in free molecular,  transit ional,  o r  continuum regimes .  
Depending on body s ize  and position in  the exhaust, 
The important features of this  analysis are:  
0 Six-degree -of-freedom t ra jec tory  analysis 
0 Body shape description capable of handling complex 
unsymmetr ica l  bodies 
0 Local w a l l  p r e s s u r e s  are  defined over the en t i re  vehicle 
0 Local heating r a t e s  are  defined over  the en t i re  vehicle for  
the f r ee  molecule regime and the stagnation line for  the 
continuum regime. 
ploycd fo r  the off-stagnation line continuum regime and 
t h .  transit ional regimes.  
0 F l o w  r eg imes  treated are  continuum, t ransi t ional  and 
f ree  molecular  
0 E qu il ib r iu m/f r oz e n the r mo c he mis t r y f o r c ont inuum 
plume de s c r i p  tion 
Engineering approximations are em- 
The computer p rogram created under this contract  u s e s  the thermo-  
chemical  data generated by the NASA/Lewis Thermochemical p rog ram and 
cominunicates via magnetic tape w i t h  the output of the LMSG/HREC method 
of cha rac t e r i s t i c s  program.  The resul t  is a sophisticated, flexible, fullyauto- 
mated analysis  of the effects  o n a  spacecraf t  in  a rocket exhaust environment. 
These  f ea tu res  of the analysis  are discussed generally within the body of this 
report .  
Appendixes A through E. 
Detailed coverage of e a c h  of the main fea tures  is presented in 
iii 
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Section 1 
INTRODUCTION 
A rocket exhaust plume constitutes an environment that is almost sure  
to havc an advcrsc cffcct on any matcr ia l  surface which i s  cxposcd to it. If 
the surface in question i s  a spacecraf t  o r  a spacecraft  component, p rec ise  
knowledge of the environment and i t s  effects becomes an important consid- 
erat ion in  design and analysis. Heat t ransfer  to exposed sur faces  can c rea t e  
considerable problems on thin- skinned vehicles or  temperature-  sensitive 
components. 
Another important aspect of the problem concerns spacecraf t  motion 
induced by the impinging gases. Rotational motions such as tumbling a r e  
highly undesirable. In general ,  induced rect i l inear  motion does not c rea te  
a s  severe  a problem although prec ise  knowledge of the perturbations is sti l l  
necessa ry  before c r i t i ca l  maneuvers  such a s  rendezvous, reent ry  and ear th-  
lunar t r ans i t  can be attempted. 
In this report ,  the general  engineering and scientific concepts of a 
computer program which analyzes the impingement problems a r e  presented. 
As  an aggregate,  the impingement solution presented he re  ref lects  state-of- 
t he -a r t  capabilities. A second report  to be published approaches the problem 
f r o m  a computer programmer  standpoint and descr ibes  each subroutine and 
i t s  place in  the overal l  calculation and contains input and output guides, a s  well 
a s  a sample problem. 
This  repor t  is organized in  such a manner that an appreciation of basic 
concepts,  problems and method of solution can be obtained f r o m  the main 
body, while detailed discussion of the contributing disciplines can be found 
in  the appendixes. 
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Section 2 
TECHNICAL DISCUSSION 
An accurate  prediction of thc impingement effects of a rocket plume 
involves  the t reatment  of many scientific disciplines.  
such a calculation a r e :  
The main features  of 
o description of the thermochemical behavior of the propellants 
Q prediction of the undisturbed exhaust propert ies  by gas dynamic 
and thermochemical  methods 
o vehicular motion and geometrical  description 
o calculation of body p r e s s u r e s  and hea t  r a t e s  under various f l c w  
reg imes  
The thermochemical  propert ies  determination is made with the NASA/ 
Lewis Thermochemical  P r o g r a m  (Reference 1)  while the flow field is descr ibed 
by the LMSC/HREC method-of-characteristics p rogram of References 2 ,  3 ,  
and 4. 
Following is a brief discussion of each  of the disciplines employed to  
c rea t e  an integrated computer p rogram capable of providing the calculations 
requi red  fo r  this study. 
2.1 THERiMOCHEMICAL ANALYSIS AND FREEZING CRITERION 
An accura te  knowledge of impingement effects must  necessar i ly  begin 
with a prediction of the rocket  exhaust flowfield. Previously supplied to JPL 
under  this contract  i s  a method of charac te r i s t ics  solution computer p rogram 
(Refe rences  1, 2 and 3 )  capable of providing that solution. The solution can  
handle any thermochemical  sys tem whose proper t ies  can  be predicted without 
any a p r i o r i  knowledge of the flowfield, i.e., ideal,  equilibrium, frozen,  equilib- 
r ium/f rozen  thermochemical  systems.  While an ideal  gas  solution presents  
2 
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no particular problem, the equilibrium and frozen analyses involve inputting 
a considerable amount of thermochemical information to the flowfield com- 
puter program. These data a r e  generated by a specially modified vers ion 
thc NASA/Lcwis Thcrmochcmical program (Rclerence 1). LMSC/MREC 
made these modifications to the thermochemical program so that the data 
t ransmission problem i s  eliminated. This special  version, however, does 
n o t  contain a frcczing cr i tcr ion Ruch that the cquilihriurn/frozen analysis 
i ci cunil>er S O I I ~ C .  
of 
Real nozzle flows do not fall exactly into any of the categories  l isted 
above. Finite r a t e  react ions always exist  to  some degree in any r ea l  system. 
Unfortunately, to handle complex flows with reaction kinetics i s  not practical  
at  this t ime. Limitations such as lack of kinetic r a t e  data,  I a r E e  run t inics,  a n d  
complex chemical sys tems preclude the u s e  of a finite ra te  a i i . i l y s i s  a s  an 
engineering tool in most  cases .  Since the types of propellants , \ i ia i  Ilowfield 
conditions m a y  va ry  widely, some l e s s  exact but m o r e  economical 1~1eans of 
predicting the thermochemical behavior must be used. The assumption of 
infinite reaction r a t e s  (equilibrium) is excellent i n  high tempera ture ,  l o w  
speed flow reg imes ,  while the assumption of f rozen  flow o r  ve ry  low reaction 
r a t e s  is  excellent in high speed, low temperature  regimes.  The best  t rade-  
off between accuracy and economy in analyzing the flow system-thermochemical  
analysis  is to combine the fea tures  of both equilibrium and f rozen  assumptions 
and change f r o m  one to the other a t  a freezing point. 
Since' the NASA/Lewis program did not have this  capability, a t a sk  was  
defined under this  contract  to provide it. Two types of freezing cr i te r ion  a r e  
permitted: (a)  f reeze  p re s su re ,  (b) Bray multicomponent f reeze  cr i ter ion.  
2.1.1 F r e e z e  P r e s s u r e  
If some pr ior  knowledge o r  desired f r e e z e  p re s su re  is  known, then this 
option m a y  be utilized. HREC has  in the past  utilized a finite r a t e  one-dimensional 
calculation and observed the p re s su re  at which the dominant react ions ceased. 
This  p r e s s u r e  w a s  then used as the freezing criterion. This  is probably the 
3 
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m o r e  accurate  of the two analyses but it has  one unfortunate drawback. 
A n  equilibrium flowfield solution must  f i r s t  be run and a representative 
s t reamline must  be chosen for a subsequent finite r a t e  analysis. 
2.1.2 Bray Cri ter ion 
Thc Bray multicomponent f reeze  analysis h a s  been incorporated into the 
NRSA/Lcwis program. Basically, tlic Bray frcczing cr i te r ion  amounts to an 
examination of the finite reaction r a t e s  in conjunction with a one-dimensional 
flowfield solution in  order  to  determine where the flow radically depar t s  f rom 
equilibrium. A m o r e  detailed discussion of this method m a y  be found in Appen- 
d i x  A. 
2.2 MOTION AND DESCRIPTION O F  IMMERSED VEHICLE 
These  two ra the r  unrelated subjects a r e  grouped under on(’ heading 
principally diie to the commonality of coordinate sys t ems  and techniques 
used in the analysis. I t  is assumed that the vehicle m a y  be descr ibed by an 
a r rangement  of th ree  different shapes: 
1. conic section of revolution 
2. rectangular flat  plate 
3. c i rcu lar  flat plate o r  annulus 
The conic section description is m o r e  powerful than it appears  at  f i r s t  glance. 
In addition to those sur faces  which a r e  generally considered to be conic sections 
of revolution, cyl inders ,  cones and f rus tums may be handled. 
The arrangement  of shapes can  be such that the vehicle can be ei ther  
symmetr ica l  o r  nonsymmetr ical  and can be a s  simple a s  a sphere o r  a s  
geometr ical ly  complicated a s  a deep space probe. A vehicle coordinate sys tem 
is developed along the principal axis system. Various subshapes a r e  then 
specified by type and coefficients. These subshapes are then related to the 
vehicle o r  composite sys tem by transformations which a r e  invariant with t ime. 
4 
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Thc composite sys tem is then related to the exit plane o r  thruster  
coordinate system. Of course,  i f  the vehicle is  in f r e e  flight, the thrusting 
systcm will be accelerating with respect  to the composite sys tem even with- 
out impingcmcnt loads. Although the exhaust itself i s  considered axisymmetr ic ,  
thcre i s  no guarantee that the vehicle will not enter  the exhaust at  a skewed 
angle. 
A six-dcgrcc-ol-Irccdorn t ra jcctory program has bccn provided to 
calculate the vehicle motion. This solution u s e s  a straightforward integration 
in time. This  is  cer ta inly adequate, since the exposure t ime in  the plume w i l l  
generally be small .  Gravitational and inertial  rotating coordinate sys tem effects 
have been neglected for  the same reasons.  
~ 
Impingement loads a r e  calculated and referenced to thc coinposite 
sys tem origin and the next t ra jec tory  integration i s  performed. Initial data 
such a s  the vehicle shape, thrust  of the exhausting vehicle and init ial  t ra jec-  
to ry  point i s  required. 
F o r  a more  detailed discussion of the subjects t reated in this section, 
See Appendix B. 
2 . 3  F L O W  REGIMES 
As the vehicle pas ses  through the exhaust, i t  may  experience exhaust 
g a s e s  which va ry  f rom extremely dense to extremely raref ied.  Of necessity,  
then, the impingement loads and heating analysis must  be applicable in  the 
continuum, transit ional and f ree  molecular flow regimes.  These reg imes  a r e  
related to the rat io  of number of intermolecular collisions to the number of s u r -  
face collisions. This  ra t io  is  very  high in the continuum regime and ve ry  low 
in the t ransi t ional  regime. A commonly used method of deciding which flow 
r eg ime  is appropriate  i s  to examine the Knudsen number;  
mean f r ee  path 
Knudsen number = reference length 
5 
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While the Knlldsen number which defines the var ious flow reg imes  is 
ra ther  a rb i t ra ry ,  the most  commonly accepted values a re :  
- < .O 1 continuum 
< 10 transit ional 
10 < f r e e  molecular 
The reference length used in the analysis i s  taken to be: 
reference length = R cos0 t RL sine N 
where RN i s  the vehicle length normal  to the minimum moment of iner t ia  
axis  and R is  the length paral le l  to that axis while 8 is  the angle of attack. L 
Having discussed the t ra jec tory  solution, the problems associated with 
developing the local p re s su res ,  hence the vehicle loads which will induce the 
motion, mus t  now be investigated. 
2.3.1 F r e e  Molecular Flow 
When the number of intermolecular coll isions i s  small  (Kn > 10) com- 
pared to  the number of surface-molecule interactions,  the surface is con- 
s idered to be in f r ee  molecular flow. It is  a reasonable assumption in the 
reg ime to  t r ea t  the molecules with a Maxwellian velocity distribution. Since 
the impingement analysis of Section 2.2 will b reak  each subshape into ele- 
mental  a r e a s ,  only the effect of a f r e e  molecular flow impinging on a flat 
plate need be considered. 
Having assumed complete momentum and energy accommodation a s  well 
as diffuse reflection, Appendix C der ives  the equations necessa ry  to calculate 
the p r e s s u r e  (more  properly, force pe r  unit a r e a )  in this regime. 
The assumptions necessa ry  to prescr ibe  the f ree  molecular heat r a t e  
are  similar and a r e  discussed in Appendix D. 
6 
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2.3.2 Continuum F l o w  
The assumption of a continuous medium becomes valid for small  Knudsen 
numbers.  Because of thc interrnolccular collisions, boundary conditions o r  
disturbances can make themselves felt in remote  regions of the flow. Because 
of this, the analysis of loads and particularly heat  r a t e s  becomes m o r e  corn- 
plicatcd than in l r cc  rnolccular €low. 
I 
2.3.2.1 Continuum Surface P r e s s u r e  Determination 
For rocket exhaust f l o w  f i e l d s  the exit Mach number and hence the Mach 
number incident on the vehicle will always be high enough that Newtonian flow 
assumptions are val id .  
The Newtonian flow assumption commonly used to predic I l i i o  pres su re  
distribution on a surface is 
2 
= p (1 c Y M ~  sin e )  pw 00 00 
Another s ta te  property i s  needed, however, to unambiguously specify the gas  
proper t ies  on the wall. Since the above relation can be derived by assuming 
that the shock wave l i e s  paral le l  to  the wave, the same assumption can be  
used to obtain the other s ta te  variable. 
2.3.2.2 Continuum Heating Analysis 
The generali ty of a convective heating analysis for an a rb i t r a ry  body 
immersed  in a rocket exhaust plume i s  severely res t r ic ted  by the necessi ty  
of predicting the growth of the viscous boundary layer  a s  i t  flows over the 
body. This  boundary layer  growth i s  pr imari ly  a function of the body shape 
and of the magnitude and direction of the velocity of the surrounding flow- 
field with r e spec t  to  the surface. These pa rame te r s  must  be uniquely speci- 
fied for  each  particular body/flowfield configuration. In other words,  a variation 
of the above pa rame te r s  leads to different solutions of the governing equations, 
each of which is good only for the particular configuration and flowfield under 
analysis. 
7 
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The following assumptions and the restr ic ted l is t  of body shapes a r e  
used when heating r a t e s  a r e  estimated with the convective heating analysis 
discussed in Appendix E. 
The body mus t  be an axisymmetric shape, i.e., a combination 
of cylinders o r  cone f rus tums wi th  a pointed, blunted or hemi- 
spheric ally capped nosecone 
IIenting r a t c s  o f f  the s i a g n ; ~ l i n g  strcainline are a d c q u a t e l y  
represented by an empir ical  correlation 
Real gas  in chemical equilibrium exis t s  throughout the flow- 
f i e l d  
Flow transit ion is  assumed to occur a s  a s tep function ba.sed 
on momentum thickness Reynolds number 
The momentum thickness marching technique at comprc ssion 
and expansion co rne r s  is valid, o r  introduces only second- 
orde r  e r r o r s  
Flow separation occurs  on the vehicle on al l  sur faces  which 
a r e  shadowed f rom the approach flow 
Local  convective heating r a t e s  a r e  based on a constant input 
value of wall temperature ,  i.e., t empera ture  of the wall  i s  
con stant 
Local-to-stagnation point heating ra te  remains constant a t  a 
given body attitude i n  hypersonic flow 
2 . 3 . 3  Transi t ional  Flow 
The transit ional flow calculation is based on the theoretical  values 
determined by f ree  molecular flow and continuum flow theories.  
p r e s s u r e s  and heat r a t e s  experienced by the vehicle a r e  known experiment-  
a l ly  to  v a r y  smoothly f r o m  one regime to the other, i t  is possible to  apply 
a n  empi r i ca l  equation to predict  the transitional value. 
discussed in  Appendix C. 
Since the 
This topic is 
a 
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Section 3 
CONCLUSIONS AND FUTURE WORK 
In the prc(:c*cliiig technical discussion a m;ithc:mxtical model and 
resultant coiiiputer program 
exhaust on spacecraf t  motion 
found in a typical exhaust plume a r e  generally sufficiently high for the 
Newtonian flow assumptions to be valid, the t ra jec tory  and continuum 
impingement loads calculations should give excellent resul ts .  In addition, 
f r ee  molecular f low theory for both heating and loads i s  well substantiatcd 
by experimental  data. It is felt,  therefore,  that the foregoinll analysis of 
these effects is ent i re ly  adequate for engineering application. 
to describe the inipingcnient effects of a je t  
w a s  developed. Since the local Mach number 
However, in the future the analysis could be improved when new ana- 
lyt ical  techniques and experimental  data a r e  found for the transit ion regime. 
State-of-the-art  continuum heating analyses were  beyond the scope of this  
effort  but i t  is  assumed that engineering prediction of heating r a t e s  i n  this  
flow reg ime  could be improved by utilizing the m o r e  complex s t reamline 
divergence technique and, alternately, an en t i re  three-dimensional viscous 
flow solution. The techniques necessary  to achieve these improvements  a r e  
now known for res t r ic ted  body shapes. 
9 
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APPENDIX A 
BRAY FREEZING CRITERION 
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APPENDIX A NOMENCLATURE I 
l 
a' i j  
a' ' i j  
th stoichiometric coefficient for the i 
t l ic  j t"  rcnc lion 
stoichiometric coefficient for the i 
species  in 
th  species  in  
. the j th  reaction 
ra te  constants in the forward and r e v e r s e  direction 
denotes species  M o r  molecular weight of species  i 
kf' k r  
Mi i' 
W average molecular weight 
A 
W .  
t t ime 
v velocity 
molecular weight of species i 
1 
mole fraction of species  i 
defined by Equation (2) 
xi 
a {'-ye 9) 
P density 
denotes concentration of a given specie 
e q  subscript ,  denotes equilibrium value 
Y nozzle axial distance 
A-ii 
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BRAY FREEZING CRITERION 
4.1 INTRODUCTION 
In considering nozzle flow calculations fo r  a multicomponent reacting 
system, the chemis t ry  of the problem can be described by employing one of 
the following three  assumptions. 
0 The flow i s  in local thermodynamic equilibrium at every  
point within the combustion chamber and the nozzle. 
The flow i s  in local thermodynamic equilibrium in thv 
combustion chamber and i s  considered frozen a t  the 
combustion chamber composition at  every  point through- 
out the nozzle. 
0 The chemical react ions a r e  allowed to proceed a t  a finite 
r a t e  throughout the nozzle flow calculations with the r a t e  
of reaction controlled by the reaction kinetics of the sys- 
tem. 
Nozzle flow calculations which incorporate either the equilibrium o r  f rozen 
assumptions a r e  relatively easy  to handle. However, when either f rozen o r  
equilibrium chemis t ry  is assumed throughout the nozzle flow, the proper 
descr ipt ion of the flow field and the co r rec t  performance pa rame te r s  for the 
nozzle in  question will  not always be obtained. If the reaction r a t e s  for the 
react ions under consideration a r e  very high, the local equilibrium assumption 
m a y  yield rel iable  resul ts .  If the reaction r a t e s  a r e  low, the frozen assump- 
tion m a y  be satisfactory. 
The  m o s t  exact method of considering the chemis t ry  problem in a multi- 
component reacting sys t em for nozzle flow calculations is to employ finite r a t e  
chemis t ry  throughout the calculations. Although this  method may  yield the most  
A- 1 
LMSC/HREC A784084 
reliable ftowficld calculations and nozzle performance parameters ,  there  a r e  
several  difficulties. F i r s t ,  a large amount of computer t ime may be required 
for thc  flow calculations. Second, reaction ra te  information may not be 
rcadily available o r  v c r y  rcliable,  thus  negating the usefulness of the finite 
rate calculations. 
One mcthod to obtain rocket pcrforrnance paramctcr  s approximating those 
obtained with finite ra te  calculations i s  to employ a sudden freezing cr i ter ion i.e., 
equilibrium chemistry is assumed up to a given nozzle point af ter  which the f low 
is  assumed chemically frozen. In many cases ,  this approach w i l l  provide useful 
resu l t s  approaching the resu l t s  of the finite r a t e  calculations without excessive 
computer run t ime and the complexities of the finite r a t e  chemis t ry  nozzle flow 
calculations. Therefore ,  in response to  the present  study, a sudden freezing 
analysis w a s  incorporated into an existing nozzle performance program. The 
freezing cr i te r ion  was  based upon the Bray Analysis (Referencc A -  1 )  and t h e  
nozzle performance code w a s  the Lewis Thermochemical P r o g r a m  (References 
A - 2  and A - 3 ) .  
A.2 FREEZE POINT DETERMINATION 
The Bray  cr i te r ion  i s  an approximate procedure for predicting where a 
reaction has departed significantly f rom equilibrium in a nozzle flow, i.e., 
determination of the f reeze  point. This  prediction i s  made by determining the 
point at which the forward r a t e  of reaction, becomes of the same o r d e r  as  
the r a t e  required to maintain equilibrium. Following the analysis given by 
Sarl i ,  et al., Reference A-1, consider a nozzle expansion in which an a rb i t r a ry  
three-body reaction takes place. 
rf’  
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The change of A2 concentration with t ime at  constant density is  found f r o m  
chemical kinetics to be 
The bracket,[  ] , in Equation (A.2) denotes the instantaneous concentration of 
the indicated species,  k denotes the forward reaction r a t e  constant and the 
subscr ipt  e q  denotes instantaneous equilibrium values. 
f 
F o r  near  equilibrium flow y - Yeq << Yeq' and 
while for  nea r  frozen flow y < < y and 
eq  
There fo re ,  f r o m  Equations (A.3) and (A.4) i t  can be deduced that an approximate 
c r i t e r ion  for  establishing the freezing point of the reaction is 
where  r is  evaluated with l i t t le l o s s  in accuracy using equilibrium quantities 
u p  to  the freezing point. The actual freezing point location is established by 
equating the forward react ion r a t e  expressions,  Equation (A.5) ,  with the reaction 
f 
A- 3 
~~ 
LMSC /HRE C A 7 840 84 
ra te  required to keep the particular species, A , in equilibrium. This  
equilibrium reaction ra te  is given by the following expression. 
2 
where XA 
the gas. 
i s  the mole fraction of A and i;3 is the mean molecular weight of 2 
2 
The previous analysis was applied to a single reaction, however, the 
same line of reasoning may readily be applied to a multi-reaction system. 
th 
The reactions may  conveniently be written a s  i n  Reference A - 4  f o r  the j 
reaction. 
where 
th  a! = stoichiometric coefficients of the ith species  in the j 
a!!. = stoichiometric coefficients of the ith species  in  the j 
i j  reaction for  reactants  
th  
lJ reaction fo r  the products 
kf.,  kb = forward and r eve r se  ra te  constants for the jth reaction 
M. = ith chemical species  
J j  
1 
The forward r a t e  of reaction in t e r m s  of all  react ions that make substantial 
contributions to the overal l  r a t e  of production or  depletion of species M. is 
1 
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where 
N = total number of reactions 
n = total number of species  
F r o m  the equilibrium nozzle calculations, the reaction r a t e  that is 
necessary  to  keep an important  specie in equilibrium can be easi ly  de te r -  
mined. The required t ime ra te  of change of the concentration of component 
i due to reaction is 
where 
X .  = mole fraction of species  i 
w = mean molecular  weight, w = X.W. 
Mi  = molecular weight of species  i 
1 n 
i= 1 
- 
1 1  
Therefore ,  an effective freezing point for a multi-reaction sys tem can be 
determined f rom Equations (A.8)  and (A.9) 
(ayj - a!.) 
1J [ kfj 
j= 1 
(A. 10) 
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F r o m  the above relations,  i t  is c l ea r  that there  may be a s  many freezing 
points as  there  a r e  a toms or  radials  to which Equation (A.lO) i s  applied. How- 
ever ,  these freezing points a r e  usually in c lose  proximity to  one another, 
depending on the choice of react ions employed in the forward reaction r a t e  
e quat ion. 
A. 3 DISCUSSION 
Caution is  in  order  when applying the single reaction Bray freezing 
point cri terion. 
the kinetics of the sys tem have been made using an exact kinetic flow m o d e l ,  
and it h a s  been established that a single reaction is r a t e  controlling. 
I t s  u s e  i s  really justified only after extensive evaluation of 
The composite reaction freezing point c r i te r ion  (modifivcl T3ray composite 
reaction c r i te r ion)  is, i n  general ,  more  sat isfactory than the s i l igl(> rcaction 
cr i ter ion,  although some pr ior  knowledge of the kinetic behavior of the spccific 
propellant sys tem under consideration i s  needed for bes t  results.  The con- 
cept of a composite-reaction freezing point is based on the assumption that 
an important  r a t e  controlling species exists,whose net r a t e  of formation or  
depletion becomes ve ry  smal l  a s  the reactions in which it participates become 
ve ry  slow, and that once this  species has frozen at  some point in  the nozzle, 
a l l  remaining species  no longer react. The problem of locating this "Composite- 
react ion freezing point" then reduces to determining kinetically the important 
species  and react ions which must  be considered. Quite often, the importance 
of many of the species  m a y  be evaluated on the bas i s  of: 
0 The  equilibrium compo sition values 
0 The energy r e l ease  of the chemical react ions 
i n  which they participate 
0 The role  of the species  in the overall  reaction 
mechanism. 
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Sarli ,  e t  al., in their  analysis of sudden freezing c r i t e r i a  have noted 
sevcra l  limitations of this technique. They suggest that  the sudden freezing 
analysis is potentially inaccurate to a substantial degree when the f reeze  
point is located near  the vicinity of the nozzle throat. Fur ther ,  they state that 
the dominant reaction o r  dominant species to be considered i n  the sudden 
freezing analysis for  a particular propellant sys t em may change a s  the O/F 
ra t io  changes o r  as  thc relative r a t e s  of the var ious rccornbination react ions 
a r e  var ied to account for uncertainties in the kinetic data. 
F r o m  the previous analysis,  it  can be seen that employment of the sudden 
freezing c r i te  r ion require  s the following info rma tion: 
0 Equilibrium nozzle flow solution 
0 Reaction model for the propellant sys tem i n  question 
0 Reaction r a t e  data for reaction model used 
Fur the r ,  nozzle geometry information w a s  required when the freezing analysis 
was  incorporated into the Lewis Thermochemical code. The detai ls  of the code 
modification will be presented in  the user 's  manual. 
A- 7 
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APPENDIX B 
MOTION AND DESCRIPTION O F  IMMERSED VEHICLE 
c 
F 
- 
P 
R 
S 
- 
t 
x, Yl z 
I 
Greek Symbols 
Cu,p, Y 
5 
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A P P E N D I X  B NOMENCLATURE 
coefficients of surface equations 
cosines of Eulerian angles 
force vector 
unit vectors  of coordinate sys t em 
unit normal  vector 
location of a point in space 
radius vector  to a point in space 
surface of composite s t ruc ture  
s ines  of Eulerian angles 
t ransfer  mat r ix  
torque vector 
t ranspose of t ransfer  matrix 
t ime 
Cartesian coordinates 
moments of inertia 
angles of x, y, z axis with respec t  to  reference axis 
a r b i t r a r y  vector 
cylindrical  coordinates . 
Euler ian angles 
flow angle 
B-i i  
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Subs c r ipts 
b 
c 
CE 
GI 
E 
E C  
F 
I 
I I 
IC 
n 
R 
I T 
Super sc r ip t s  
t 
.. 
A P P E N D I X  B NOMENCLATURE (Continued) 
base 
composite s t ructure  axis sys t em 
vector or  t ransfer  matrix f r o m  tlC" to "E" sys t em 
vector o r  t ransfer  mat r ix  f r o m  "C" to # : I t 1  sys t em 
exit plane axis sys tem 
vector o r  t ransfer  mat r ix  f r o m  "Et1 to  t tC1l  sys t em 
flow 
subs hape axis s ys tem 
vector or  t ransfer  ma t r ix  f r o m  " E l t  t o  "C" sys tem 
nose 
relative 
nozzle, throat axis sys t em 
evaluated a t  time zero 
evaluated a t  new time 
velocity of quantity 
accelerat ion of quantity 
B - iii 
MOTION AND DESCRIPTION O F  IMMERSED VEHICLE 
B. 1 INTRODUCTION 
A rocket exhaust plume will have been calculated by the method of 
charac te r i s t ics  and stored on magnetic tape. Also on this tape w i l l  be a 
description of the thermochemical behavior of the gas  system. 
The exhaust gases  may impinge on some surfaces  in the plume and it 
i s  necessa ry  to  calculate the reaction forces,  heating r a t e s  and  resultant 
motion. It i s  assumed that the body o r  vehicle in question m a y  bc accurately 
represented by some composite arrangement  of simple subshapes. Three such 
subshapes a r e  
0 conic section of revolution 
o rectangular flat  plate 
0 c i r cu la r  f la t  plate 
Before discussing the impingement calculation and subsurface geometry 
~ 
it is i n  o r d e r  to  descr ibe the basic coordinate systems.and t ra jec tory  analysis 
to P be used. 
B- 1 
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Generally the flowfield calculation will be referenced to the nozzle throat 
while i t  is most  desirable  to locate the origin of coordinates a t  some other 
station, say the nozzle exit plane, s o  that, re fe r r ing  to  Figure B-1 
- -  - 
P = PE t xTE is 
Let  the C. g. of the vehicle be the origin of coordinates for  information per -  
taining to the vehicle. Let  one of the axis be aligned along the principal mini-  
mum moment of iner t ia 'axis .  
- 
j C  
Figure B-2 
At some t ime the position vector (see Figure B-2) must  be given EC 
a t  t ime z e r o ,  for instance; 
-(O) i c = cosaEci (0) t cospEci ( 0 )  jE t cosyECi ( 0 )  - kE 
If the body is not axisyrnmetric i t  is necessary  to specify 
B-2 
while if the body is axisymmetr ic  7~ will b e  defined by 
7- 
'(O' l'i -(O) = ~cosYcoscv cos/? j EAi [;I x [ C O S Q  c o s B c o s r \  ECi 1 jC t 
E k E  
mag (numerator)  
This coordinate sys tem for axisymmetric bodies simplifies the subsequent 
continuum heating analysis. The coordinate sys tem definition is completed by 
o r  
(0) jjl - = [TEc](Ot 1 
k E  
k 
C 
B.2 TRAJECTORY CALCULATION 
The moments  of iner t ia  and m a s s  of the composite body a r e  given. I t  
will b e  assumed that the axes a r e  the principal axes.  
to  exhaust gas  impingement, it m a y  be expected to  rotate a s  well  a s  translate.  
The t r a j ec to ry  program therefore  will, of necessity,  be a six-degree-of- 
f r eedom analysis.  
A s  the vehicle is exposed 
It is first necessa ry  to define the orientation of the composite shape 
coordinate sys tem with respec t  to the nozzle exit system. Consider the 
Euler ian  rotations shown on the following page. 
B-3 
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1 
where the order  of rotation is  al, a,, 03. Then 
where  
3 
[ lT2]  [E'l] 1'1 
k 
E 
[1'2] = 
1 0 0 
2 sW2 0 CW 
0 - so2 =O2 
B-4 
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1 :I 1 [ET11 = [-..? C W  1 SW cW1 0 0 
Because of the convention adopted a t  transformation is defined 
but a vector t r ans fo rms  
{xl y' zl} = {x y z} [TIT 
The angular velocity&, is 
C 
but G can  also be wri t ten C 
. -  
B-5 
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where 
so so - sw  c w  
:o 2] [ P C ]  = 1 0 co2 2 cw3 2 3  
cw2cw31 -so c o  L 503 2 3  
[E'.] = 
(co so t c o  so so ) (-so c o  ) 3 1  1 2 3  -(cw3col-so1 so so ) 
~ ( c o l s o 3 t s o  co so ) 
(-co 2 1  so ) (cw2c~1)  b w 2 Y  '1 
(so so -co  so so ) (co, c o  ) 3 1  1 2 3  2 3  2 3 1  
Equation (B.l) becomes 
GC = I(...., - b  so c o  ) (G3 tLj1s02) (6 2 3  so t & 1 2 3  c o  cw ) - 1 3 2  
C 
o r  
CL = (.i co3 - G so cw cx 2 1 3 2  
cj CY = cj 3 t C j l S W  2 
Gcz = b so t c j  c o  co 2 3 1 2 3  
Now E u l e r ' s  equations of motion for  a principal axis system a r e  
.. 
0 c x  = [Tx t ( Iy -  Iz)  hcyhcz]/Ix 
.. 
0 = [Ty t (Iz -.Ix) hCx h c z  ]/Iy 
CY 
B -6  
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.. 
IY) %x c y  wcz = [Tz t (Ix - 
Integrating to the next t ime step yields 
The inverse relation of Equation (B.2) i s  
+ -  t soz - UCz . t  cw3)/cw2 h1 - (GCX 
+ -  + h2 - [hex (1  + sw2sw3) - LI c z  co3 sw3j/co3 
and integrating fo r  new position angles 
t q + h1 
At t 2 o1 = o l t  
a t  c;, to2  
At t 2 2 w = 0 2 +  2 
. +  4 t o 3  
At t 3 2 w3 = w3 t 
so that a new transformation 
degrees  of f reedom we have 
may be found. In addition t -  the rotational 
B-7 
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and 
B. 3 SURFACE GEOMETRY 
A body i s  assumed to be a composite of simple shapes each with their 
own coordinate system. Since the body is not deformable, a transformation 
ex is t s  which i s  invariant with t ime which re la tes  the subshape to the com- 
posite shape coordinate ststem. Three  basic shapes a r e  considered: (a)  a 
conic shape, (b) a rectangular plate, and ( c )  a c i rcu lar  plate. 
B.3.1 Conic Shape Coordinate System 
B-8 
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A point P in the coordinate sys tem i s  located at  
- 
P = x T t y p l t  z -i; I 1  I 1  
A point constrained to be on the surface,  however, will satisfy the relation 
but 
while in t e r m s  of the angle 4p 
yI = R coscp I 
zI = R s i n q  I 
L e t  the equation of the surface be 
W i t h  the above relat ions any point on the surface m a y  easi ly  be found as a 
function of x and <p. Since the end resul t  is to be a p r e s s u r e  integration, 
then these var iab les  a r e  chosen as independent for the purposes of the inte- 
g r  ation. 
I 
The norma l  to the surface i s  
B-9 
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which i s  just  
o r  
where of course  
2 L. ( c t 2 d x )  t 1 a 
4 Rf 
IVSl = -\I - 
The origin of the conic shape is related to the s t ructure  origin b y  
- 
- - - - 
RCI = xcI ic + YCI Jc %I kc = {XCI YCI ?I} lil 
C 
while the vector T i s  r'elated by I 
- - 
= cosaI ic + C O S P ~ ~ ~  + cosy I C  X = {C0SUI cosp  I cosy I 
The t ransformation [TIC] mus t  now be formed. Since the body is axisymmetr ic  
any choice of direct ions for  7 and 3 will suffice so long as a mutually perpen- 
dicular  set is  defined. A simple means  of doing this i s  to define an intermediate  
I 
vector  by permuting the direction cosines 
- T =  cosy  T t cosa1 j, t cospIZc I C  
B- 10 
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then let 
then finally 
A point on the surface i s  then, in composite coordinates 
F = x T  t y 3 t z  I 1  I I I V  %I 
And finally the composite system mus t  be r e f e r r e d  to  the exit sys tem so that 
a point on the surface will  be 
B.3.2 Flat Pla te  Coordinate System 
A flat rectangular plate i s  defined by two vectors  
B-11 
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- - - - 
iI = cosaI i, t cos& j, 4- cosyI kC 
j, = COSQ' I C  i + cos& T, t cosy; I;, - - 
and the lengths a and b. Thenorma l  to the surface is  
The t ransformation lTCIl i s  thus defined and 
A point on the surface i s  then in composite coordinates 
- 
P = t x y O  I I I 1 pxIT + %I 
B- 12 
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B.3.3 Circular  Flat  Plate  
A circular  plate is defined by a vector through the center  of the c i rc le  . .  
normal to the plane of the circle .  
B.4 
c o s a c o s ~ c o s ~  
By permuting the direction cosines a new vector 5- is defined 
? =  [cosy co s a  cosp ij:/ 
k c  
RELATIVE VELOCITY 
To per form a sur face  p re s su re  calculation in any flow regime,  local 
fIow proper t ies  a r e  required. These propert ies  will be taken a s  those of the 
undisturbed s t r e a m  at the point in  question. The relative velocity of the flow 
B-13 
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at the elemental  a r e a  being evaluated i s  a function of flow velocity of the 
composite structure.  We can see that 
Now thc rclative velocity at an elemcntal a r ea  i s  
. 
The angle between the relative vglocity vector and the surface of an elemental  
a r e a  is 
@ =  R / 2  - cos . 
The relative velocity and flow angle a r e  now uniquely defined for each 
elemental  area.  This  information i s  made available for a local p re s su re  cal-  
culation using either continuum, f r ee  molecular o r  transit ional flow theory. 
B- 14 
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APPENDIX C 
FREE MOLECULAR AND TRANSITIONAL FORCES 
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FREE MOLECULAR AND TRANSITIONAL FORCES 
C.l FORCES PRODUCED IN FREE MOLECULAR FLOW 
C. l . l  Introduction 
Any body is s a i d  to experience specific "low density" effects when 
passing through a medium in which the mean f r e e  path of the molecules of 
the medium is la rge  in comparison to  the body dimensions. The magnitude 
of these "low density" effects is dependent upon such factors  a s  shape, s ize  
and speed of the body, the surface condition of the body and sur face  mono- 
layer  composition of the body a s  well as the propert ies  of the surrounding 
medium. 
In defining flow regimes and flow types, a limiting type of flow, termed 
f r ee  molecular flow, is s a i d  to  occur whenever the rat io  of the molecular 
mean f r ee  path to  the grea tes t  projected body length perpendicular to  the 
direction of molecular flow is 10 or  greater.  
the Knudsen number and is the basic parameter  used in defining the var ious 
flow reg imes  a s :  
This ra t io  is commonly termed 
F r e e  Molecule Flow Kn > 10 
Transit ion Flow 
Continuum Flow Kn < 0.01 
0.01 5 Kn ,< 10 
Some experimental  evidence seems to indicate that f r ee  molecule flow 
m a y  occur  at Knudsen numbers  a s  low a s  3 and sometimes does not occur 
until  the Knudsen number is much greater  than 10. However, the reg ime 
division shown above is quite sufficient for  a general  analysis  and has  been 
shown to b e  quite accura te  in the majority of c a s e s  studied. 
c - 1  
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In the free-molecular  and nea r  f ree-molecular  flight reg imes ,  the 
dominant processes  which control energy, momentum and m a s s  t ransfer  
bctwccn the flow medium and a solid body a r e  ent i re ly  different from those 
associated with continuum flight. In continuum flow, the t ranspor t  propert ies  
a r e  controlled by molecule -molecule collisions within the gas,  while in f r e e -  
molecule flow 'the t ranspor t  propert ies  depend ent i re ly  upon collisions of gas  
molecules with the body surface.  These two flow reg imes  a r e  separated by 
thc  transit ion rcg imc,  in which thc change in dominant t ranspor t  p rocesscs  
occurs  in a gradual manner  as the Knudsen number var ies  between 10 and 
.01. (See Appendix C.2). 
A f ree  molecule flow condition means simply that onrushing molecules ,  
whose velocity vectors  intercept a body, collide with that body uninfluenced 
by molecules which have already collided with the body and a r e  rebounding. 
This can be understood when the large mean f r ee  paths associated with f ree-  
molecular flow a r e  considered. Molecules collide only a t  d i s r , r i ) ( . c s  s o  grea t  
that the oncoming molecular flux i s  not influenced by these molecular colli- 
sions. 
ex is t s  and flow proper t ies  can be developed f r o m  gas dynamic theory and 
Maxwell 's law of the distribution of molecular velocities. In this ca se  i t  is 
a l so  assumed that there  a r e  no shock waves formed and that the boundary 
layer  is non-existant, thus assur ing  that the flow remains  Maxwellian. 
If environmental equilibrium can b e  assumed,  a Maxwellian type flow 
I 
I C. 1.2 Effects of Molecule -Surface Interaction 
Making the assumption that the incident and reflected molecules do not 
affect e a c h  other ,  the effect on the surface of the incident and reflected 
molecules can be computed separately.  
to  be governed by molecule-surface interactions. 
Thus the flow phenomena can be s a i d  
To  compute the forces  on a body in a f ree  molecule flow, the molecule- 
sur face  interaction must  be specified. 
in three  a r e a s :  
This  specification requi res  assumptions 
1. The type of molecular reflection that occurs ,  
2. The momentum exchange between surface and molecule, 
3. The energy  exchange between surface and molecule. 
c-2 
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There a r e  two types of molecular reflection which may occur. They 
a re :  (1) specular in which the molecule hits the surface and is  then reflected 
Like a billiard ball ,  i . e . ,  the angle of incidence equals the angle of reflection; 
arid ( 2 )  diffuse in which the molecule hits the surface and is then re-emit ted 
in  a random direction. 
which leaves the surface is dependent upon the amount of energy t ransfer  
between the surface and the molecule. 
In both of these c a s e s  the velocity of the molecule 
The degree of equilibrium attained between the molecule and the surface 
before the molecule is re-emit ted,  is measured by the energy accomrnodation 
coefficient, CT, which is defined as 
r Ei - E 
Ei - Ew C Y =  
where,  
Ei 
Er 
is the total  incident energy t ransported by the 
molecules to  a un i t  a r e a  in unit time, 
is the total  energy transported by the reflected 
molecules away f rom a unit surface a r e a  in 
unit t ime, 
i s  the total  energy  the reflected molecules would 
t ranspor t  away f r o m  a unit surface area in unit 
time if they were re-emit ted at the tempera ture  
of the surface,  Tw. 
Ew 
If Er  = Ei, there  i s  no energy exchange between the incident molecules and 
the surface and Cy = 0. If the incident molecules and the surface reach thermal  
equilibrium before the molecules a r e  re-emitted,  E r  = Ew and ty = 1. 
implicit ly assumed in the definition of cy that a l l  the energies  associated with 
those molecular degrees  of f reedom which en ter  into an energy exchange a r e  
accommodated to  the same  degree.  
acting on an element  of a r e a ,  T /T. enters  into the equation as a measu re  of 
this energy  effect. 
cients obtained t o  date for  surfaces  and impinging molecules typical of those 
at o rb i ta l  altitudes have the range 0.7.< - -  CY < 1.0. 
It is 
In the equations which descr ibe the forces  
r i  
Experimental  values of the thermal  accommodation coeffi- 
The momentum t ransfer red  to the surface of a body in f ree-molecule  
flow is specified by rxiomentum accommodation coefficients. Momentum 
c-3 
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t ransport  i s  normally expressed individually for  the components tangent and 
normal  to the surface.  
coefficients a r e  defined as: 
The tangential and normal  momentum accommodation 
Ti - Tr 
at - 7. - T 
- 
1 w  
r P - P  i - 
W 
On pi - P 
where,  
7. and P. a r e  the incident tangential and normal  
1 1 momentum flux, 
and P are the reflected tangential and normal  r r momentum f l u x ,  
flux for  molecules emitted at the tempera-  
t u re  of the surface. 
7 and P a r e  the tangential and no rma l  momentum 
W W 
In the case  of diffusely emitted molecules, I is equal to z e r o  by 
W 
definition, therefore  a may be writ ten a s  t 
Ti - Ir 
at - -- 7. 
1 
F o r  completely diffuse reflection, rr = T = 0 and at = 1 regard less  of 
W 
the degree  of t he rma l  accommodation. 
value of atdepends on the degree of thermal  accommodation through 7 .  If 
there  is complete specular  reflection and no the rma l  accommodation, r = 7. r i  
and crt = 0. If completely diffuse reflection and complete the rma l  accommo- 
dation occur , a  = 1, i f  completely specular reflection and no thermal  accom- 
modation occur ,  u = 0. F o r  any type of reflection between these two l imits ,  n 
andepends on the degree of thermal  accommodation that occurs.  
different f r o m  0 which is equal to  one for  completely diffuse reflection 
r ega rd le s s  of the degree of thermal  accommodation which occurs.  
on the degree  of t he rma l  accommodation which occurs  only when there  is some 
specular  reflection taking place. 
Lf any specular reflection occurs ,  the 
r 
n 
This is 
t 
ut depends 
c-4 
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Unfortunately, although the concept of a molecule -surface interaction 
~ O C S  back to Maxwell and Knudsen, there  is a considerable lack of both 
tlicorctical and experimental  information concerning the processes  occurring 
a t  a gas-solid interface.  
typc reflection (0 = u = 1)  is  assumed. 
o r  Tr  = T 
Available experimental  evidence seems  to indicate that for the type of surfaces  
used  i n  most  s p n c c c r a f t ,  the assumption of completely diffuse reflection is 
lcgitimatc. 
assumption; however, lack of known data make this assumption a necessity.  
The effect of variable accommodation coefficients on the various aerodynamic 
coefficients a r e  shown in  graphical form in Reference C - 5 .  
should become available, the equations can be modified to facilitate using a ' s  
and a's of any required value. 
c oe ffic ie nt s , when s pe cular reflection is as sumed. 
For this reason, in the present  analysis a diffuse 
It w i l l  a lso be assumed that Er  = E t n  W 
which means that there  is complete energy accommodation. 
W 
Complete energy accommodation m a y  o r  may not be a good 
If m o r e  data 
Equations have a l so  been derived for  the force 
Making seve ra l  assumptions a s  t o  the nature of the flow around a body, 
a straightforward (though tedious) calculation of the forces  on that  body in f ree  
molecule flow may  be made. 
by-step presentation w i l l  not be made here but r a the r  a summary  of the 
assumptions will be made, as well as a brief description of the method of 
solution and the final results.  
is made to  Reference C-1 by Sentman and a l e s s  detailed description in Refer-  
ence C-2 b y  Pat terson.  
Because of the length of this derivation, a s tep-  
If a detailed derivation is required,  reference 
The following assumptions were made in the force equation derivation: 
e Molecular velocity distribution which is -ahead of 
e There  is diffuse reflection of the molecules f r o m  
the body is Maxwe llian, 
the body, 
e Surfaces  a r e  non-concave. (If we do not make this 
assumption, we must  take into account the forces  
due to  the molecules that have been reflected f r o m  
other p a r t s  of the body.) 
c-5 
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If the above assumptions a r e  made and, of course,  i f  the f r e e  molecular 
assumption that the molecules do not collide with each other is made, the total 
force on an element of a r e a  can be computed. 
computing the forces  produced by the incident and reflected molecules,  using 
the kinetic theory of gases  and' then adding them. 
This computation is made by 
The result ing equation is: 
J 
where 
= density of the molecules 
= 1/2 R T i  (dimensions of s ec  /ft ) 2 2  
t 
B 
R = gas constant 
Ti 
Tr 
= incident molecular tempera ture  
= reflected molecular temperature  and is equal 
t o  the body temperature  for  complete energy 
a c c ommoda tion 
S = molecular speed r a t io  
= m a s s  velocity/most probable molecular velocity 
= V @ K T .  1 
k ,  I, t = direction cosines between the local x,  y, and z 
axes and the desired force direction (x ,y ,  and 
z represent  a natural  coordinate sys t em with y 
normal  to the sur face)  
axes and the mass  velocity vector  
e ,  y , ~ )  
erf Y S  = the e r r o r  function of Y S  
= direction cosines between the local x, y, and z 
This  equation is exact within the physical assumptions of kinetic 
theory,  f r e e  molecule flow, diffuse molecular reemission,  and non-concave 
surfaces .  
force.  
It mus t  now b e  integrated over the ent i re  body to give the total 
C-6 
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c. 2 TRANSITION FLOW AERODYNAMIC CHARACTERISTICS 
C.2.1 Introduction 
In  some cases  involving the flow of a gas over a body, the body may be 
within a region of flow known a s  the transit ion regime,  defined in  t e r m s  of 
the Knudsen number as,  0.01 I Kn L 10 (see Appendix c .1) .  
rebounding f r o m  the vehicle i n  this regime experience collisions which occur 
c loser  and c loser  t o  the vehicle. Eventually, some of these molecular coll i-  
sions occur close enough to the vehicle that some incoming molecules,  which 
would otherwise s t r ike  the vehicle, a r e  knocked out of the way. The incident 
s t r e a m  of molecules is thus attenuated, and there  is a reduction of energy 
and momentum t ransfer  to  the vehicle relative to the f r e e s t r e a m  energy  and 
momentum flux. 
regions: first collision, transit ional,  fully merged,  incipient rncr'ged, viscous 
layer ,  and vorticity interaction regions. Through these sub-regions,  a e r o -  
dynamic force coefficients a r e  a function of Knudsen number a s  w e l l  as Mach 
number. 
Molecules 
This flow regime is frequently subdivided into various sub- 
C.2.2 Definition of Aerodynamic Coefficients in  Transit ion Flow 
Attempts to  extend continuum and f r ee  molecule theories into the t r ans i -  
tion regime have been made, result ing in the development of s eve ra l  approxi- 
mate theor ies ,  all of which have limited ranges of applicability. It is apparent 
f r o m  all available experimental  data, however, that the transit ion aerodynamic 
force coefficients lie within a region bounded on the low end by continuum values 
and on the high end by f r ee  molecule values. 
As a n  approach to the problem of estimating t ransi t ion force coefficients, 
LMSC/HREC developed an  empir ica l  equation applicable to the determination of 
these pa rame te r s .  
and r e e n t r y  vehicles f r o m  severa l  references were analyzed, result ing in a 
s ine-squared variation with the logarithm of the Knudsen number for  the force  
coefficients. 
curve -fit r e  lations hip, 
Experimental  transit ion force data on spheres ,  cylinders 
This variation w a s  then used to  develop the following empir ica l  
c-7 
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where: 
is any aerodynamic coefficient in 
transit ion flow 
is any aerodynamic coefficient (corresponding 
to A Ctran) in  free-molecular flow 
is any acrodynamic coefficient (corresponding 
A 'tran 
A cfrn 
A 'cant 
Kn is the Knudsen number 0.01 5 Kn 5 10.0. 
) in continuum flow to A 'tran + A Cfrn  
The equation yields a smooth transit ion f r o m  f ree  molecule to continuum 
flow, as shown in Figure C-1 and is considered to be the best  method present ly  
available fo r  estimating aerodynamic force coefficients over the en t i re  t rans i -  
ti on 
c-1 
c-2 
c - 3  
c - 4  
c-5 
r e  gime . 
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APPENDIX D NOMENCLATURE 
molecular velocity ( f t /sec)  
ra te  a t  which total energy s t r ikes  a surface (Btu/ft2-sec) 
r a t e  a t  which a specific type of energy s t r ikes  a surface 
(Btu/ft2-sec) 
e r r o r  function of x 
Maxwell - Boltzmann distribution function 
ft-lbf 
lbm-sec  2 
gravitational constant = 32.2 
stat ic  enthalpy (Btu/lbm) 
ft-lbf mechanical equivalent of heat  = 778 B tu 
number of degrees  of freedom 
-24 ft-lbf Boltzmann's constant = 5.66 x 10 
moleculeOR 
m a s s  of a molecule (lbm) 
r a t e  at which molecules strike a unit surface pe r  unit t ime 
molecules 1 
number density 
2 s ta t ic  p r e s s u r e  (lbf/ft ) 
heat  t ransfer  r a t e  (Btu/ft -sec)  2 
(1;;) 
gas  constant 
S 
T 
U 
-t 
'TOT 
U 
cy 
Y 
e 
P 
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NOME NG LATURE (Continued) 
molecular speed rat io  
temperature  ( R)  
f r e e s t r e a m  velocity (ft /sec) 
total internal energy (Btu/lbm) 
internal  energy (B tu/molecule) 
0 
accommodation coefficient 
ra t io  of specific heats 
angle between f r ees t r eam direction and positive y direction of 
plate 
density (lbrn/ft ) 3 
Sub sc r ip t s  
( )b 
( )i property evaluated a t  f r ees t r eam temperature  
( )i due to internal energy 
( )k 
pertaining to back- side conditions 
due to kinetic energy 
property evaluated at temperature  of wall ( )w 
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FREE MOLECULAR HEATING 
D. 1 GENERAL DISCUSSION 
In the f r e e  molecular flow reg ime,  the aerodynamic heating rate to an 
element  of sur face  area can  be calculated f r o m  a n  energy balance. 
q = Ei - El 
where 
q = heat  t r ans fe r  r a t e  
Ei = 
Er = 
ra te  at which total energy is incident on the surface a r e a  
r a t e  at which total energy is reflected f r o m  the surface 
a r e a  
Because of the assumption in free molecular flow that the molecules have a 
Maxwellian velocity distribution, there  is a tempera ture  associated with 
each  of the energy rates, Ei and E,. 
coming o r  incident molecules is usually a well-deficed quantity, the tempera-  
t u re  of the reflected molecules is a function of the par t icular  gas-surface 
interact ion and is not known. It is common pract ice  in all f r e e  molecular 
theory to combine this uncertainty into a pa rame te r  called the accommoda- 
tion coefficient, C Y ,  defined by 
Although the tempera ture  of the in- 
Ei - El 
Ei - Ew c y =  
where  
= rate at which total energy is reflected f r o m  the 'surface 
area assuming that the velocity distribution of the reflected 
molecules is character ized by the wall o r  surface tempera-  
t u re ,  Tw. 
EW 
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Note the type of gas-surface interaction under consideration here.  
hypothesized that the incoming molecules can  be descr ibed with a Maxwellian 
velocity distribution character ized by a tempera ture ,  Ti. All of the molecules 
striking the surface a r e  "captured" by the surface and give up all their  energy 
to the surface.  At some la te r  time (the length of time is not important to this 
analysis) ,  the molecules a r e  diffusely emitted o r  "reflectedt1 f r o m  the surface 
as if they originated f rom an infinite reservoi r  with ze ro  mean velocity. 
their  velocity distribution is considered to be Maxwellian, character ized by a 
tempera ture  Tr.  This gas-surface interaction must  conserve mass. The 
parameter  CY is considered to be a measure  of how well the surface accommo- 
dates  the incident energy. 
It is 
Again, 
Thus,  Equation (D . l )  can be  wri t ten 
The maximum heat  t ransfer  occurs  when Q h a s  a value of unity. 
The total  energy associated with each one of the molecules striking the 
surface cons is t s  of kinetic energy and internal energy. 
define 
It is convenient to 
Ei = eik t e.. 11
where  
= r a t e  at which kinetic energy is t ransfer red  to the surface 
by the incident molecules assuming their  velocity d i s t r i -  
bution is character ized by the temperature  Ti 
rate at which internal energy is t r ans fe r r ed  to the surface 
by the incident molecules assuming their  velocity distri- 
bution is character ized by the tempera ture  Ti 
ik e 
eii = 
. 
Similar ly ,  the total energy c a r r i e d  away f r o m  the surface by the ref lected 
o r  emi t ted  molecules can  be wri t ten as 
D-2 
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wk + ewi = e  
where 
e = ra te  a t  which kinetic energy is c a r r i e d  away f r o m  the 
surface by the emitted molecules, assuming that the 
velocity distribution of the emitted molecules is cha rac -  
tcr izcd by  thc tempcraturc,  T, 
r a t e  at which internal energy is c a r r i e d  away f r o m  the 
surface by the emitted molecules,  assuming that the 
velocity distribution of the emit ted molecules is 
character ized by the temperature ,  Tw 
wk 
ewi = 
= t empera ture  of the wall TW 
Thus,  Equation (D.2) can  be  written 
- e wi I] 
It is des i red  to calculate the heat t ransfer  to a flat plate of unit area 
at an  angle of attack, 8 , to the incoming flow. 
Y 
where 
U = magnitude of the f r ees t r eam 
vel& ity JArea \ 
Figure D-1 
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By definition, the front side of the plate is the negative x side and the back 
side is  the positive x side. Both s ides  of the plate experience heating. 
D.2 F R O N T  SlDE HEATING 
To find an  expression for the front side heating, a l l  the terms in 
-c 
Equation (D.5) must  be evaluated. If C i s  the velocity vector of a molecule,  
and mi is the mass of one molecule, then the molecule possesses  emi  1EI2 
kinetic energy. Total kinetic energy t ransfer red  to any point. is found by 
integrating the product of f and $mi /El2 over  the appropriate  region of 
velocity space. Thus, for  the quantity e ik ,  
e = S S / ' $ m i ( C f  t C 2 t C z ) f d V  2 
i k  Y 
where 
-r 
Cx, Cy, Cz = Car tes ian  components of the molecular  velocity C 
f = Maxwell -Boltzmann distribution function 
n. = number density of incident flow 
Ti = ' temperature  of the incident flow 
1 
Ux, Uy, Uz = components of f r e e s t r e a m  velocity 
vector 
dV = differential element of velocity flux space 
Since only those molecules striking the front  surface will t ransfer  energy to 
the f ront  sur face ,  the integration over  velocity space mus t  include only 
those molecules having velocity components in the positive Cx direction. 
Thus,  the differential e lement  of velocity flux space w i l l  be 
D -4 
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dV = CxdCx dCydCZ 
and the integral  for  eik becomes 
2 2 2 
Y 
too m i n i (  mi 3/2 
(CX + c + CZ)  e ik  = JJJ -z-- mi 
'00 0 
m. 
1 
2kTi Y Y  e 
C dC dC dCZ 
X X Y  
F r o m  Figure  D-1, it is c l ea r  that the components of the f r e e s t r e a m  velocity 
are 
Ux = Usin@ 
u = -ucose 
Y 
u = o  
Z 
Completing the integration in Equation (D.7), 
I where  
Pi = m n = density of the incident flow 
Ri = k/mi = gas  constant of the incident flow 
i i  
I D-5 
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the boundary conditions of the gas-  wk ’ To find an expression for  e 
surface interaction process  must  be imposed on the system. F i r s t ,  the 
number of molecules which reach the front side of the unit a r e a  per  unit 
t ime must  be computed. F r o m  the geometry of F igure  D-1 and considera- 
I tion of kinetic theory,  
S = molecular speed ratio 
U 
I 
“1 2 2 
m 
3/2 t o o  t o o  - &i [(Cx-Ux) +(C -U ) t ( C z - U z )  Y Y  
’00 0 
Completing the integration, 
The quantity Ni represents  the number of incident molecules striking the 
unit surface in a unit time. 
and l a t e r  emitted o r  reflected f rom the surface as if they came f rom a n  
infinite r e se rvo i r  held a t  temperature  T with ze ro  mean velocity. How- 
e v e r ,  the number of molecules reflected f rom the surface per  unit t ime,  
N , mus t  be  equal to the number of molecules striking the surface per  r 
unit t ime evaluated at “ re se rvo i r  conditions.1t 
These molecules a r e  I1captureda1 by the surface 
W 
Thus 
D-6 
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= eik wk e 
I n = n  
W 
T = T  
R = Rw 
W 
T = Tw 
R = Rw 
Nr = Ni 
Applying this condition to Equation (D.9), 
(D. 10) 
But since at the surface,  
and (D. lo) ,  
Ni = Nr at all times, then f r o m  Equations (D.9) 
Equation (D . l l )  gives the necessary  expression for the number density of the 
reflected molecules in. t e r m s  of the number density of the incident molecules 
and the temperature  of the wall. 
The amount of kinetic energy s tored in the r e se rvo i r ,  which is emitted 
f r o m  the sur face ,  can be found b j  imposing the boundary conditions on the 
incident kinetic energy, viz. , 
I n = n  W 
Thus,  f r o m  Equation (D.8) 
D-7 
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2 n  kTw R w T w g  ( 2n W - ewk J 
Substituting the expression f r o m  Equation (D. 11) for n 
W 8  
2 P , R . T  / R . T  
In addition to the heating caused by t r ans fe r  of kinetic energy, the 
surface a l so  experiences heating due to the t ransfer  of internal energy by the 
incident molecules. 
surface is formulated,  the amount of internal energy which contributes to 
the heating is the total internal energy minus that par t  of the internal energy 
due to translational degrees  of f reedom - which has  a l ready  b e e n  accounted 
for.  
D-l) ,  the molecules under consideration a r e ,  at most, diatomic. Thus,  
t he re  exists a s imple relationship between 
freedom, i.e., 
Because of the way in which the energy balance a t  the 
In the conventional f r e e  molecular heating theory for  cold air (Reference 
and the number of degrees  of 
2 y =  1 t -  
j (D. 13) 
where 
y = ratio of specific heats 
j = number of degrees  of f reedom 
Using the principle of equipartition of energy and the above relationship, the 
amount of in te rna l  energy due to j - 3 degrees  of f reedom can be  readily 
calculated. Now, if the problem is changed such that the inc ident  flow may 
b e  composed of high tempera ture  gases  f rom a rocket engine exhaust, then 
th i s  theory is no longer adequate. 
D-8 
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In the search  f o r  a new solution, a digression into kinetic theory will 
be  helpful. 
molecules of a gas  in thermodynamic equilibrium at a tempera ture  T is 
given by 
It is well known that the total internal energy s tored  by N 
= N B T  2 (y) a inf  
V 
%OT 
where 
f = total parti t ion function 
Depending upon the complexity of the molecules and the level of excitation, 
f could be an  ex t remely  complicated function. 
given in the form,  
However, it will always be 
. (D. 14) 
(D. 15) 
where  
= translational parti t ion function 
= rotational parti t ion function 
= vibrational parti t ion function 
t r a n s  f 
frat 
fvib 
and  so  on. 
Hence, if we know f fo r  any complex molecule, we can  find a n  expression fo r  
the total internal  energy of the N molecules using Expression (D.1). 
'TOT - {in 'trans -+ "frat t infvib -k ... -+ ... = NkT aT, (D. 16) 2 a  
F r o m  this  expression,  it is clear that the total internal energy is composed 
of contributions f r o m  each I'type'' of freedom in the complex molecule. 
D-9 
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- 
UTOT - 'ldue to translation ldue to rotation ldue to vibration t ... 
A s  has been mentioned, the quantity of in te res t  is the total internal energy 
minus the contribution of the translational degrees  of freedom. Thus,  
is a d i rec t  method to calculate this quantity. If the velocity o'f a molecule is 
given by 
-c 
c = cxTt c 3 t czz 
Y 
then the translational parti t ion function is 
(D. 17) 
= exp [- $ (c; t c t CZ) 
f t r ans  Y 'I 
Substituting Equation (D. 18) into Equation (D. 17)  
U s  - U~~~ - N($) 
where  
c2 = cx 2 t c 2 t cz 2 
Y 
o r  on the b a s i s  of one molecule, 
m C  
2 
- U = TOT - 
(D. 18) 
(D. 19)  
'TOT Although the total internal energy of a complicated molecule of gas ,  
is usually very  difficult to descr ibe by use  of parti t ion functions, it can be  
determined f r o m  thermodynamic relations if the assumption is made that 
the gas  is in equilibrium a t  a temperature  T, Le., 
D-10 
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h = total internal energy + p/p J 
where 
h = static enthalpy p e r  unit mass  
p = static p r e s s u r e  
P = density 
Tn t e r m s  of internal energy pe r  molecule 
(D.20) 
Since it was assumed that h ,  p, p a r e  thermodynamic propert ies  of the gas  
at  equilibrium, they are steady state values. 
to use  the average  o r  "steady state" value of C2 in Equation (D.19). 
average  value is called a most probable value defined by  
Thus, it would seem reasonable 
This 
- 
3k T 
m 
c2 = -
Thus, Equation (D. 19) becomes 
3 - - k T  - us - U~~~ z 
Since the thermodynamic equation of state relates 
of the gas ,  Equation (D.23) can  be  re-writ ten as 
(D.21) 
(D.22) 
(D.23) 
the equilibrium proper t ies  
D-11 
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energy 
molecule (D.24) 
where again,  R = k/m 
By using the method-of-characterist ics plume which gives an accura te  
description of the local propert ies  of the gas a t  every point in the flow field, 
the quantity u 
description of the propert ies  ex is t s ,  then no approximate relationship between 
?’ and the number of degrees  of freedom in the molecule is needed. 
can casily b e  determined. Assuming that this accura te  S 
Now, the amount of internal energy incident on the surface can be 
calculated by multiplying the number of molecules incident on the surface 
p e r  unit t ime,  Ni, by the internal  energy contribution of one molecule, 
Le. , 
Using Equation (D.9), 
R i  T i  g 1 /2 Ri Ti 2 2  
e ii = Pi ( 2 n  ) [hi - {e-’ sin e t n1/’Ssinf3(1 t erf  
Using a similar analysis  f o r  the reflected molecules,  the internal  
energy is given by 
U sw = ( .  W 
= ref1 
- RwTw) 2J  2 
cted internal energy/mol cule 
and the amount of internal  energy ca r r i ed  away f rom the surface by the 
ref lected molecules is 
D-12 
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The heat t ransfer  ra te  to the front  side of the unit surface is found by 
substitution of Equations (D.8), (D. 12), (D. 25) and (D. 26) into Equation 
(D.5). Thus, 
t r1'2 s sine (1 t erf s sine)  1 2 2  e-S sin  8 [ 
D.3 BACK SIDE HEATING 
The hea t  t r ans fe r  to the back side of the f la t  plate shown in  F igure  
D-1 is a l s o  found f r o m  a n  energy balance at the surface.  
D-13 
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where 
ikb e 
wkb e 
e iib 
e w ib 
ra te  a t  which kinetic energy is t r ans fe r r ed  to the 
backside sur face  by the incident molecules,  
assuming that their  velocity distribution is 
character ized by the temperature ,  T i  
rate at which kinetic energy is c a r r i e d  away 
f rom the backside surface by the reflected 
molcculcs,  assuming that tlicir vclocity tlistri- 
bution is character ized by the temperature ,  Tw. 
r a t e  a t  which internal energy is t r ans fe r r ed  to the 
backside surface by the incident molecules,  assuming 
that their velocity distribution is charac te r ized  by 
the tempera ture ,  T,. 
r a t e  at which internal energy is c a r r i e d  away 
f r o m  the backside surface by the reflected molecules,  
assuming that their  velocity distribution is charac-  
ter ized by the temperature ,  Tw. 
The r a t e  at which kinetic energy is t r ans fe r r ed  to the backside of the 
sur face  is found in a similar manner to that f o r  the front  s ide,  Le., 
Sinc'e only those molecules striking the backside surface will t ransfer  energy 
to the sur face ,  the integration over  velocity space m u s t  include only those 
molecules  having velocity components in the negative Cx direction. 
this  region of velocity space,  the differential velocity flux element  becomes 
F o r  
and 
D- 14 
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t c o  0 
ikb X Y 
e 
-  1 m. [(Cx-Ux) 2 t ( C  -u ) 2 +(C2-U2)2] 
2kTi  Y Y  e 
Again, the velocity components of the f r e e s t r e a m  flow a r e  
Ux = Usin@ 
u = - u c o s e  
uz = 0 
Y 
Completing the integration, 
2 
(2 t S.) - eikb J 
(D.29) 
(D. 30) 
The th ree  other  t e r m s  in Equation (D.28) are generated in the same manner  
as they w e r e  in the f ront  side heating calculations. 
the different  region of velocity sp?ce which governs the limits of the inte- 
gration. 
The only difference being 
The resu l t s  of the computations are 
D-15 
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J 
2 2  sin 0 
W 2J wib e 
Thus, the heat  t ransfer  r a t e  to the backside surface is given by Equation 
(D.28) 
e - ~ 2 s i n 2 e  [< (1 - ‘21 
Ti 
(D. 32) 
(D.33) 
(D.34) 
L J 
In determining the heating r a t e  to  a l a rge  body o r  vehi?le, the surface 
area is visualized as a g rea t  number of differential a r e a s  which a r e  con- 
s ide red  to be flat plates  at a n  angle of a t tack to the f r e e s t r e a m  flow. 
(D.27) and (D.33) a r e  used to calculate the heating r a t e s ,  depending on whether 
the e lement  of surface area is exposed to the f r e e s t r e a m  velocity (front s ide)  
o r  not (backside). 
Equations 
This  is possible because the mechanism fo r  energy t ransfer  
D-16 
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to an element of surface area is not influenced by any preceding o r  adjacent 
phenomena. 
The theory of free molecular heat t ransfer  presented h e r e  is an  extension 
of the existing theory in that it includes an accurate  method of determining hea t  
t r ans fe r  to sur faces  exposed to gases  with a r b i t r a r y  composition and tempera-  
ture.  
is not composed of diatomic molecules at low temperatures .  
accuracy  of the new method depends on how accurately the local thermodynamic 
proper t ies  of the gas can  be determined. 
This is necessary  for any problems where the gas  surrounding the vehicle 
However, the 
D-17 
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APPENDIX E 
CONVECTIVE HEATING 
cP 
H 
K 
Nu 
Pr 
q 
r 
Re 
S 
T 
V 
X 
& 
eC 
P 
P 
~ ~~~ 
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APPENDIX E NOMENCLATURE 
specific heat (Btu/slug) 
enthalpy (Btu/slug) 
thermal  conductivity (Btu/ft2-secoR) 
Nus s el  t number 
Prandt l  number (pC /K) 
heating r a t e  (Btu/ft -sec) 
rad ia l  coordinate (feet) 
Reynolds number (V P/p ) 
sur face  length (feet) 
t empera ture  (OR) 
velocity ( feedsecond)  
ax isymmetr ic  centerline coordinate (feet) 
flow to body deflection angle - degrees  
cone half angle - degrees  
viscosity (slugs -ft /sec) 
density (slugs/ft ) 
P 
2 
3 
Sub s c r ip  t s 
a w  adiabatic wall 
f final conditions 
i init ial  conditions 
L flow conditions at boundary layer  edge 
E- i i  
~~ 
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NOMENCLATURE (Continued) 
Sub sc  r ipt s (Cont' d 1 
s f  
sfo 
si 
SP stagnation point 
W 
* 
final t rans  fo rme  d charac te r  is tic length 
final t ransformed character is t ic  length off windward s t reamline 
initial t ransformed charac te r  istic length 
flow conditions a t  body wall temperature  
flow conditions at reference temperature  
E - iii 
LMSC/HREC A784084 
GONVE CTIVE HEATING 
E.l METHOD O F  APPROACH 
To facilitate rapid and  accurate  es t imates  of the heating r a t e s  
to a body immersed  in a rocket exhaust plume, the heating ra te  d i s t r i -  
butions over each body shape a r e  calculated as if the body were immersed  
in  a uniform gas environment. The local heating r a t e  to each body segment is 
expressed  as a r a t io  to  that which would be experienced at the stagnation point 
on a one-foot radius hemisphere.  A r ea l  gas solution for  the stagnation point 
heating ra te  is calculated 'for each  t ime s tep  and subsequently used to  obtain a 
local heating rate f r o m  the heating rate ra t io  obtained by methods s imi l a r  fo r  
those used fo r  non-reacting air. 
plumes,  Sutherland's Viscosity Law and the similar conductivity relationship 
have been found to be valid to  the o rde r  in magnitude necessa ry  f o r  obtaining 
these  heating rat ios .  
(1) specify r e a l  gas viscosi t ies ,  conductivities, and specific heat, o r  (2): use  
approximate formulae in the program to evaluate the t ranspor t  properties.  
F o r  the enthalpies obtainable in mos t  exhaust 
In calculating the f inal  heating r a t e  the programmer  m a y  
An analytic most-windward s t reamline laminar  solution is obtained fo r  
the body, with the heating r a t e  distribution off the s t reamline calculated f r o m  
a n  empir ica l ly  derived correlation. 
growth in turbulent flow is affected to  the same orde r  by angle of attack as it 
is for  laminar  flow, the turbulent heating ra te  ra t io  to  a stagnation point on a 
one-foot hemisphere nosecap can be estimated. In regions of separated flow 
which a r e  assumed to exist on the surfaces  shadowed by the velocity fields,  
another empi r i ca l  correlat ion is used. 
By assuming that  the boundary layer  
E.2 STAGNATION POINT HEATING RATE SOLUTION 
The stagnation point r e a l  gas  heating rate to  a one-foot radius  sphere  
for each  exhaust plume w i l l  be estimated as outlined in Reference E-1. 
E-1 
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Ei ther  the r e a l  gas input t ranspor t  properties or  those calculated by the 
simplified equations within the subroutine a r e  used in  conjunction with the 
following stagnation point heating ra te  equation. 
empir ical ly  derived fo r  a r b i t r a r y  high enthalpy gas mixtures.  
This equation has  been 
Nu f-' 1*8 (Hs - Hw) - qsp - P L P L  
whcrc 
- Nu x- 
E. -4 H 1.15 
This determination fo r  the plume gas stagnation point heating ra te  is then 
used with the local-to-stagnation heating ra te  distribution q /q ( laminar  
and turbulent)  to  give an  absolute heating r a t e  to  each  segment of the body 
configuration. 
L SP 
E.3 WINDWARD STREAMLINE HEATING DISTRIBUTION (q /q ) 
L SP 
E.3.1 Angle of Attack Above 50° 
When the body is oriented a t  angles of attack g rea t e r  than 50' to  the flow 
field, heating r a t e s  t o  the cone frustum and/or.cylinder portion of the configu- 
ra t ion have been programmed as :  
The var iab les  6 and R a r e  evaluated in  the following manner:  
Cylinder: 6 = angle of attack 
R c  = radius of cylinder 
Cone : 6 = cone half angle plus angle of attack 
R = y cos0  where y = rad ia l  coordinate 
of cone and 8 = the cone half angle 
C C 
C 
E-2 
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Hemisphere:  F o r  the hemisphere a t  angles of attack, 
the heating rate  distribution is calculated 
s imi la r ly  to ze ro  angle of attack 
E.3.2 Angle of Attack Below 50° 
F o r  lower angles of attack, a solution of heating rate distribution has  
h o n  programmcd i n  a maiincr which pcrnli ts  a boundary layer  growth to be 
qctermined over the composite body shape which is being analyzed. 
fundamental heating ra te  ra t io  for  laminar flow is given a s  
The 
This equation is basically the Blausius flat plate equation as modified by 
Ecke r t  (Reference E-2) fo r  compressible flow and by Vaglio-Laurin (Reference 
E-3 )  for  the existence of p re s su re  gradients normal  to the local s t reaml ines  
over the windward surface of a body. 
nate t r ans fo rm which makes use of the pseudo-boundary l aye r  growth length 
so  that the ordinary flat plate heating equation may  be used to  predict  the 
heating distribution over the windward surfaces  with curvature  when the body 
is at low (0  to  50') angle of attack. 
This modification is pr imar i ly  a coordi-  
Although this method may  be applied to the en t i re  surface t o  be analyzed, 
the extent of this  effort  limits its use to the laminar  windward s t reamline of 
ax isymmetr ic  shapes at angle of attack. 
lations are used to  determine heating ra tes  off this  s t reamline.  
determining this  windward s t reamline distribution by a n  exact method, the 
dis t r ibut ions off the s t reamline a r e  most real is t ic .  
A s  stated e a r l i e r ,  empir ica l  c o r r e -  
However, by 
The p r i m a r y  objective in this type of analysis is to evaluate a pseudo- 
cha rac t e r i s t i c  length (X 
t ion (E.3) as the boundary layer  grows over the body being analyzed. 
s ta ted i n  References E-2\and E-3,  the charac te r i s t ic  length is: 
) fo r  use  in  the modified flat  plate equation in Equa- sf 
As 
Sf :# * 2 - a;c * 2 p p V L r  dS t X s i  
p u ~ , r  Xsf - 
i ' L S  
E-3 
Since the governing equations become even m o r e  complex when a s imi la r  analy- 
s i s  is  made for  turbulent flow, the assumption that the p r e s s u r e  gradient causes  
the same growth charac te r i s t ics  to a turbulent boundary layer  is made. 
inherent differences between laminar  and turbulent ze ro  angle of a t tack axi- 
symmetr ic  solutions a r e  extended to solutions for non-zero angle of a t tack in 
this analysis.  This assumed variation between the included exact laminar  
heating r a t e  solution and the to-be-calculated turbulent heating r a t e s  gives 
a n  es t imate  of the turbulent boundary layer growth. This assumption is valid 
within the o r d e r  of previous assumptions macle for  this es t imated plume con- 
The 
vective heating subroutine. 
been chosen as the mechanism for  changing f r o m  a laminar  to a turbulent 
heating r a t e  calculation. 
similar to the one used for  the laminar  case  and is 
A transit ion c r i te r ion  of Reo over  ML rat io  h a s  
The fundamental turbulent heating r a t e  equation is 
* -.2 - .0296 (:V)'8j;i (Haw 1 
d q s p  - - - H, 2 
Xsf '  qSP Pr 
(E. 5) 
Note that the pa rame te r  Xsf appears  in  both Equations (E.3) and (E.5). 
charac te r i s t ic  length has  been analytically evaluated. 
evaluation a r e  l i s t ed  in Tables E-1 and E-2. 
the logic going f r o m  one s e t  of equations to  another depends p r imar i ly  on the 
segment  analyzed immediately before the segment to be analyzed, and upon 
any  expansion, compression,  o r  body discontinuities encountered a s  the analy- 
sis moves f r o m  one segment  to  the next. 
This 
The resu l t s  of this 
As can be seen  f r o m  these tables,  
E.4 ORDER O F  SOLUTION 
A genera l  body shape i s  shown in Figure E-1. The general  configuration 
can be descr ibed as a s e r i e s  of conic sections with subsections. 
for  determining the pseudo-character is t ic  length (X ) over each  subsection on 
the windward s t reaml ine  has a var ie ty  of start conditions which determines the 
type of solution for  the windward heating analysis.  
l ayer  p a r a m e t e r s  o r  init ial  conditions for  each  subsection a r e  descr ibed in the 
following paragraph.  
i s t ic  length f o r  each  of the var ious configurations is given in Table E-2.  
can  be seen ,  the calculation of the windward s t reamline heating r a t e s  is an 
Integration 
sf 
These beginning boundary 
A l ist ing of equations used to calculate the cha rac t e r -  
As 
E -4 
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(a) Segment i s  a Conic Section 
- M, 
Fr- z 1 
(b)  No Segment (leading edge o r  sha rp  point) 
(c)  Hemisphere Nosecap 
3 
A- Z -1 
(d) Segment Creating an  Expansion Corner  
(e) Segment Creating a Compression Corner  
F igu re  E-1 - General Body Configuration 
E -7 
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integral  procedure which must  begin a t  the stagnation point. 
the boundary layer is then t raced over the vehicle as it changes shape and 
The growth of 
I passes  through various expansion and compression co rne r s  and finally ends 
I 
a t  the las t  body station of the body under analysis. 
Included herein a r e  the basic sections and their init ial  conditions as 
they a r e  analyzed by this program. 
line on a n y  conic scction with the pi-cccding strcaiiiliii(* scgxricnt givcn as A ,  13, 
C, D, or E ,  we m a y  have the following configurations leading to different initial 
conditions in the evaluation of the heating r a t e  character is t ic  length to  segment  
Z.  
growth and consequent heating rate may be t raced  step-wise down the body 
f r o m  section to section. 
When given a segment  of windward s t r e a m -  
By placing the var ious assor ted  segments end to end, the boundary layer  . 
E. 5 START CONDITIONS 
The values of Si and Xsi (Equation (E.4) must  be chosen t o  s t a r t  the 
integration down the most  windward s t reamline for  each  t ime s tep and conse- 
quent analysis of heating distribution. If the first section is sharp-edged, the 
pa rame te r s  become equal to zero.  If the body is capped by a blunt nosecap, 
the values of X 
Reference E-4 t o  analytically find the co r rec t  Xsi and Si fo r  the s t a r t  conditions 
of the integration. 
over each  conic section which must be used to  find a heating rate a t  the end of 
each  following section. 
and S. are obtained by using the heating r a t e  a s  predicted by s i  1 
Table E-2 shows the init ial  conditions for the integration 
E.6 CYLINDER AND CONE INTEGRATIONS 
Determination of X and S. has been made for  both the cone f rus tum and 
The analytic solution for their  values is listed in 
si 1 
the cylinder conic section. 
Table E-2. 
be evaluated at each  station down the body. 
necessa ry  due to the analytic solution of the conic cylinder sections. 
l aminar  boundary layer  growth character is t ic  Xi is  determined, i t  is assumed 
that the boundary layer  growth of the vehicle being at angle of attack is s imi la r  
f o r  the turbulent heating distribution. 
istic length for  turbulent flow is assumed to  be the laminar  charac te r i s t ic  
These relationships are programmed s o  that the heating ra te  may 
No programmed integrations were 
Once this 
F r o m  this a s  sumption, the charac te r  - 
E-8 
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growth length multiplied by a factor determined by the Mangler t ransforma-  
tion (Reference E-5) fo r  the cone and by a factor  of 1 for  the cylinder. The 
analytic solution for  the integration for  laminar flow is shown with the cone 
and cylinder conic sections in Table E-2. 
E. 7 DISCONTINUITIES 
With the  varied combinations of nosecap cone and/or cylinder configu- 
rations,  both compression and expansion co rne r s  will bc encountered through- 
out the integration. 
must then be adjusted to give a t rue  boundary layer  growth length a f te r  moving 
through an expansion fan o r  compression shock. In reference to Figure E-1 ,  the 
modified values for  the initial conditions of X 
integration a r e  listed in Table E-2.  
was used to  obtain these expressions.  
momentum thickness boundary layer  match as the flow moves from one region 
to the next. 
These discontinuities in  the X and S. determination si 1 
and S. in the following segment s i  1 
The method as outlined in Reference E-6  
This method is pr imar i ly  an analytic 
E.8 LOCAL PROPERTIES 
The local  flow propert ies  a r e  obtained f r o m  the main method of cha- 
r ac t e r i s t i c s  program. 
the Ecke r t  reference temperature  method and a r e  ca l cda ted  by the following 
equations taken f r o m  Reference E-6. 
The reference t ranspor t  propert ies  a r e  evaluated by 
*33/2 lb-sec 
h. 
-8 T p = 2 . 2 7 ~ 1 0  
T" + 198.72 ft2 
Btu-ft * 3/2 K = 3 . 1 7 2 ~ 1 0 ' ~  T 
( -T)) ft2-secoR 
(T"+ 441.72 e T 
These relationships a r e  necessa ry  f o r  getting a distribution of heating r a t e s  over 
the bodies. However,since the heat ingrates  a r e  ratioed, any effects due to  the 
equi l ibr ium gas assumption w i l l  be nullified as the stagnation point heating 
I 
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r a t e s  a r e  ratioed to  the distribution heating ra tes .  
only to accurately obtain the stagnation point heating rate.  
decides whether to  use  (1) the included property t ranspor t  equations o r  (2)  
input values for  the stagnation point conductivity, viscosity and specific heat. 
It becomes necessary  
The p rogrammer  
E.9 OFF-WINDWARD STREAMLINE DISTRIBUTION 
E.9.1 Grca tcr  Than 50' Angle 01 Attack 
The heating r a t e  off the windward s t reamline is calculated by application 
of the distribution about yawed cylinders,  as .descr ibed  in Reference E-4. 
a local deflection angle becomes l e s s  than z e r o  degrees  (shadowed flow) the 
flow is assumed to  separa te ,  and the local heating r a t e s  t o  the leeward surface 
are calculated as described in the separated flow discussion. 
As  
E.9.2 L e s s  Than 50OAngle of Attack 
The heating r a t e  off the windward s t reamline fo r  angles of attack less 
than 50° is calculated by adjusting the character is t ic  length to  include the 
additional growth of the boundary layer  a s  it t r ansve r ses  a grea te r  length of 
the body. 
e quat ion 
This adjustment is a geometry change that is represented by the 
- x SfO - Xsf (&) ' 
This charac te r i s t ic  length is used with the same laminar or turbulent f la t  
plate heating equations (E-3  and E-5) as  were used for  calculation of the 
windward s t reamline heating ra tes .  
E. 10 SEPARATION 
The following empir ica l  relation w a s  used to determine separat ion 
heating r a t e s  to body locations on the leeward side of the configuration under 
analysis.  
for  l amina r  flow heating ra te  predictions. 
This empi r i ca l  correlation has been stated previously p r imar i ly  
It was beyond the scope of this 
E-10 1 
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effort  to determine similar heating rate  method for  turbulent flow. As can 
be seen in  the equation, the local deflection angle of the section under con- 
sideration is a p r i m a r y  driving factor  when separated flow on the shadowed 
side of the configuration is considered. 
distance f r o m  the separat ion point is a secondary parameter .  
A charac te r i s t ic  length based on the 
- p r i o r  t o  scpnrnlion I-, 
p r io r  to separation - p x   1 ( 
pr io r  t o  separat ion 
1 
(E.?) 
where 
I is geometric shortest  distance to  local 
separated point 
is local flow angle to surface angle difference A6 
E. 1 1  CONCLUSION 
In conclusion, the convective heating subroutine presented in this 
Appendix contains analytic heating rate  solutions for  the windward s t reamline 
of axisymmetr ic  shapes,  as w e l l  a s  engineering approximations for  heating 
r a t e s  off this s t reamline.  These solutions a r e  based on a s t reamline diver-  
gence technique which includes the use of r e a l  gas local flow propert ies  
supplied by the method of character is t ics  program. 
these methods w i l l  produce satisfactory heating ra te  distributions over a 
grea t  var ie ty  of axisymmetr ic  configurations immersed  in rocket exhaust 
flow fields. However, it should be realized that the heating ra te  prediction 
techniques off the most  windward streamline a r e  only engineering approxi- 
mations and fur ther  work is required before rigorous analytic solutions w i l l  
be available. 
Judicious application of 
E-1 1 
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